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Abstract. In this paper, the classical and quantum solutions of some axisymmetric cos-
mologies coupled to a massless scalar field are studied in the context of minisuperspace
approximation. In these models, the singular nature of the Lagrangians entails a search for
possible conditional symmetries. These have been proven to be the simultaneous confor-
mal symmetries of the supermetric and the superpotential. The quantization is performed
by adopting the Dirac proposal for constrained systems, i.e. promoting the first-class con-
straints to operators annihilating the wave function. To further enrich the approach, we
follow [1] and impose the operators related to the classical conditional symmetries on the
wave function. These additional equations select particular solutions of the Wheeler-DeWitt
equation. In order to gain some physical insight from the quantization of these cosmological
systems, we perform a semiclassical analysis following the Bohmian approach to quantum
theory. The generic result is that, in all but one model, one can find appropriate ranges of
the parameters, so that the emerging semiclassical geometries are non-singular. An attempt
for physical interpretation involves the study of the effective energy-momentum tensor which
corresponds to an imperfect fluid.
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1 Introduction
1.1 General considerations
An important advance in physics was the formulation of general relativity, which successfully
describes the classical gravitational field. A remarkable feature of this theory is that it pre-
dicts the existence of singularities, i.e. situations in which spacetime breaks down in the sense
that some curvature scalars as well as other physical quantities diverge. This phenomenon
has been proven by the various singularity theorems to be a quite general occurrence, not re-
lated to any particular assumption of symmetry [2]. A manageable treatment of singularities
usually appears in black holes and in cosmological spacetimes. The hope is that quantum
effects will become important near the singularity regime and thus soften or even eliminate
the problem.
Quantum cosmology, which is a branch of quantum gravity dealing with cosmological
models, is a simplified approach constructed by assuming a high degree of symmetry. This
allows to freeze all but a finite number of degrees of freedom and therefore results in a
manageable reparametrization invariant canonical quantum theory. Despite the considerable
simplification, the crucial problem of unitarity is still present; since the Wheeler-DeWitt
equation is of a Klein-Gordon type differential equation, there is no obvious way to define
a positive-definite probability. A quite interesting and elegant investigation of this issue is
given in [3], where the solutions of the Wheeler-DeWitt equation are related to the wave
function of the true physical variables; i.e. the ones remaining after an appropriate choice
of a gauge fixing condition. This approach was put in action in [4] and more recently in [5];
the first work has an overlap with the present work in the case of FLRW cosmology. As we
explicitly show in the appendix B, the wave functions we find are identical to the ones in [4],
even though we take a different tributary from the same river. Barvinsky’s approach in [3]
is based in the reduced phase space quantization method, which is accomplished by a gauge
choice and the use of path integrals. This allows for the transition from the physical degrees
of freedom to the initial superspace variables and to the original Wheeler-DeWitt solution.
On the other hand, in this work we do not make any such gauge choice. Instead, we use the
symmetries of the supermetric in order to arrive at the final wave function.
A usual semiclassical treatment of the solutions of the Wheeler-DeWitt equation is
by employing the WKB approximation and the construction of wave packets [6]. In this
approximation, it was shown that the singularity can be avoided in homogeneous and isotropic
spacetimes (see e.g. [7]). Another approach to the solution of the Wheeler-DeWitt equation
is to follow Bohm’s theory [8–10] and construct deterministic quantum trajectories in the
superspace. It was shown that the singularity can also be avoided, again for a homogeneous
and isotropic metric coupled to scalar fields or filled with dust and radiation [11–13]. Similar
results are obtained from loop quantum cosmology for homogeneous isotropic models with a
scalar field [14–20].
In this work, the starting point are 4-dimensional spacetimes minimally coupled to a
massless scalar field. We focus on the study of isotropic models as well as anisotropic. We
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adopt a minisuperspace approximation of gravity for quantum geometrodynamics. In these
classical spacetimes, the lapse function is not gauge fixed. This allows for the presence of
extra symmetries in the configuration space called conditional symmetries (see e.g. [1, 21–
25]). In [26], the relation between the Lie point symmetries and the conditional symmetries
of the minisuperspace was established which in the constant potential lapse parametrization
coincide with the conditional symmetries in the phase space. A different approach regarding
the Lie point symmetries and the gauge fixing of the lapse function was taken in [27, 28]
and applied in [29–31]. The system of the Einstein’s field equations is solved by using the
first integrals of motion associated to the conditional symmetries; this method facilitates the
solution of these equations. For the quantization of the system, we first promote the first-
class constraints to operators annihilating the wave function, according to Dirac [32]. Then,
the generators of the conditional symmetries are also promoted to operators, thus providing
a system of quantum constraints with additional eigenvalue equations on the wave function.
The outcome is a unique wave function, not containing arbitrary functions, which is used to
find a semiclassical spacetime. This is done by writing it in polar form and setting up the
corresponding semiclassical equations following Bohm’s approach to quantum theory. This
semiclassical solution is studied with respect to two aspects: firstly, we check whether the
singularity can be avoided. Secondly, the effective energy-momentum tensor is interpreted
as an energy-momentum tensor of an imperfect fluid. Therefore, even if we started with a
classical spacetime filled with a massless scalar field, the semiclassical spacetime can acquire
a different physical content.
1.2 Classical treatment
We assume a 4-dimensional cosmological spacetime with line element of the form
ds2 = −N2(t)dt2 + γαβ(t)σαi (x)σβj (x)dxidxj , i, j = 1, 2, 3 (1.1)
where N(t) is the lapse function, γαβ(t) is a positive-definite diagonal 3 × 3 axisymmetric
matrix of the dependent dynamical variables and σαi (x) are the invariant one-forms which
satisfy the relation
σαi,j − σαj,i = Cαβγσβj σγj . (1.2)
For each Bianchi type the one-forms σα are well-known and can be found e.g. in [33]. The
general classical solution of most Bianchi types in vacuum has been given in [34–37]. The
action integral and the corresponding equations of motion are given by1
Stot = Sgrav+Smat =
∫
d4x
√−g
(
R− 1
2
gµν∂µφ∂νφ
)
, Eµν = −1
4
gµνg
κλ∂κφ∂λφ+
1
2
∂µφ∂νφ,
(1.3)
where R is the Ricci scalar, Eµν the Einstein tensor and we have assumed the existence
of a massless scalar field φ. The variation of the action with respect to φ results to the
well-known equation of motion for the scalar field minimally coupled to gravity, the Klein-
Gordon equation, gµν∇µ∇νφ = 0. Integrating the spatial coordinates xi, the action reduces
to Stot =
∫
dt L, where L is a Lagrangian of the form
L =
1
2N
Gαβ(q)q˙
αq˙β −NV (q), (1.4)
1We are using units 8piG = κ4.
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and Gαβ(q) is the supermetric defined on the configuration space of the dependent variables
qα(t). Of course, there is always the question of whether this reduced Lagrangian is valid:
one must check that the reduction of the Einstein plus matter equation is equivalent to the
Euler-Lagrange equations. This equivalence has been checked for all models we present in
this paper. The Lagrangian (1.4) is time-reparametrization invariant, i.e. retains its form
under the transformation t = f(t˜), if one also changes the lapse function and the dependent
variables as
N(t)→ N˜(t˜) = N(f(t˜))f ′(t˜), qα(t)→ q˜α(t˜) = qα(f(t˜)). (1.5)
These can be considered as a type of gauge transformations owing their existence to the
presence of constraints in the system. The primary constraint is the conjugate momentum
of the lapse function
pN =
∂L
∂N˙
≈ 0, (1.6)
and the demand for its conservation in time leads to the secondary constraint H
p˙N = {pN ,H} ⇒ H = 1
2
Gαβ(q)pαpβ + V (q) ≈ 0, (1.7)
known as the Hamiltonian constraint because of the relation
H = pαq˙
α − L = N
(
1
2
Gαβ(q)pαpβ + V (q)
)
≡ NH. (1.8)
The Dirac procedure is then terminated, because the demand for conservation in time of
H does not give any new constraints. Therefore, the theory has two constraints, one linear
and one quadratic in momenta and they are first class due to the relation {pN ,H} ≈ 0. In
the context of singular systems, it has been shown that the variational symmetries of the
action (1.4), as well as the Lie point symmetries of the Euler-Lagrange equations, result in
the appearance of conditional symmetries; these are defined as the simultaneous symmetries
of the supermetric and the superpotential with the same conformal factor
LξGαβ(q) = τ(q)Gαβ(q), LξV (q) = τ(q)V (q), (1.9)
where Lξ is the Lie derivative operator on the configuration space. The symmetry generators,
say ξi (i numbers the different ξi’s) satisfy a Lie algebra of the form
[ξi, ξj] = c
k
ijξk, (1.10)
where ckij are the structure constants. To each one of the generators, there corresponds a
conserved quantity Qi = ξ
α
i pα linear in the conjugate momenta pα =
∂L
∂q˙α ; the corresponding
Poisson bracket satsify the same algebra as their generators. Exploiting the freedom given
by the time parametrization invariance, one can choose a new lapse n = NV which implies
G¯αβ = V Gαβ , V¯ = 1. The new scaled Lagrangian reads
L =
1
2n
G¯αβ(q)q˙
αq˙β − n, (1.11)
and now the generators ξα retain their form and become Killing fields of the scaled super-
metric
LξG¯αβ(q) = 0. (1.12)
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If the action corresponds to a gravitational minisuperspace model, then there is an extra
symmetry (the one corresponding to the constant scaling of all scale factors), reflected in
the existence of a homothetic vector field. Note that this symmetry already known to exist
at the level of the equations of motion. The new charges Qi of the scaled Lagrangian still
satisfy the same relations as well as the same Poisson bracket algebra. From the evolution of
the scalars Qi,
dQi
dt
= {Qi,H} = −ωn, (1.13)
where ω = 0 for the Killing vector fields and ω = 1 for the homothetic, we get for each Killing
vector field an integral of motion
Qi = κi, (1.14)
while for the homothetic Killing feld a rheonomic integral of motion
Qh = κh −
∫
n(t)dt, (1.15)
as it was shown in [1, 26]. The advantage of solving eqs (1.14), (1.15) is that the system of
the dependent variables is of first order in the velocities/momenta and it is much more easily
solved. Furthermore, if there exist enough integrals of motion, the problem of determining
qi(t) reduces to an algebraic one [38].
Finally, one can also find higher order generators, i.e. irreducible tensor Killing fields
leading to new conserved quantities that do not reduce to the first order ones [28]. An
important quantity is the Casimir invariant which commutes with all the Qi’s
{Qi, Qcas} = 0, (1.16)
and is constructed by an element of the universal enveloping algebra spanned by ξi’s.
In summary, for the classical analysis we first find the Lagrangian of the full gravitational
system coupled to the massless scalar field in order to rescale it and obtain a Lagrangian
of constant superpotential. The Killing and homothetic symmetries of the resulting minisu-
perspace are studied and the corresponding conserved quantities are constructed and used
to solve for the configuration space variables. The final solution is expressed in the initial
Lagrangian variables and replaced in the spacetime metric. The resulting spacetime is then
studied for singularities.
1.3 Quantization method
The quantization of the system is performed in the new scaled Lagrangian and the corre-
sponding Hamiltonian by adopting Dirac’s procedure for constrained systems. This means
that the first-class constraints of the theory are imposed as conditions on the wave function
and lead to the equations
pˆNΨ(q,N) ≡ −i ∂
∂N
Ψ(q,N) = 0⇒ Ψ ≡ Ψ(q), (1.17)
HˆΨ(q) ≡
(
−1
2

2
c + 1
)
Ψ(q) = 0. (1.18)
Eq. (1.17) is known as the momentum constraint and leads to the independence of the wave
function from the lapse function, while (1.18) is the Wheeler-DeWitt equation and gives the
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dynamics of the system. In the above relations c is the conformal Laplacian defined as

2
c ≡ 2 +
d− 2
2(d − 1)R, (1.19)
where R is the Ricci scalar of the superspace. The choice for the factor ordering for the
kinetic part of the Hamiltonian implied by the conformal Laplacian stems from the demands
of (i) general covariance of the Lagrangian, (ii) hermiticity of the operators under the inner
product of the form
∫
dnqµψ∗1ψ2, with µ a proper measure and (iii) conformal invariance of
the action. These conditions, as well as the demand that the momentum operators act on
the far right, fix the form of the measure to be µ =
√|detGαβ | [1, 24, 39].
The critical step in the approach we follow is to promote the generators of the conditional
symmetries [1] to operators, in addition to the constraints of the classical system, thus forming
the following eigenvalue problem
QˆiΨ(q) ≡ − i
2µ
(µξαi ∂α + ∂αµξ
α
i )Ψ(q) = κiΨ(q). (1.20)
For consistency with the classical system, the eigenvalues must be equal to the corresponding
classical charges κi. Consequently, the classical algebra of the generators
{Qi, Qj} = ckijQk, (1.21)
becomes an isomorphic quantum algebra with the same structure constants. However, this
quantum algebra through the consistency conditions [Qˆi, Qˆj ]Ψ = (κiκj − κjκi)Ψ = 0 leads
to the integrability conditions [1]:
ckijκk = 0, (1.22)
which works as a selection rule for the possible admissible subalgebras, since not all of the
quantum generators can be imposed simultaneously on the wave function.
The quantum system is formed by eqs (1.17), (1.18) and this set of the eigenvalue
equations (1.20) of the operators belonging to the corresponding subalgebra. We note that
the generator of the homothecy of the system is not quantised (due to its explicit time-
dependence) and thus not used for the solution of the quantum system, even though it is
used to obtain the classical solution. However, it is of great use to promote the Casimir
invariant to operator and include it as an additional eigenvalue equation of the same form
as (1.20), in the cases where the quantum equations are not enough to provide a unique
solution. This is also true for any Killing tensor of higher order that commutes with the
operators Qˆi of the corresponding subalgebra, if of course it exists.
1.4 Semiclassical approximation and physical results
We now wish to use the wave function to extract some physical insight. Our aim is twofold:
(i) check whether the classical singularities persist after the quantization and (ii) understand
the matter content of the emergent spacetime by comparing the effective energy-momentum
tensor with the corresponding one of an imperfect fluid.
To this end, we perform an analysis based on Bohm’s interpretation of quantum theory
[8–10] following [25, 40]. Bohmian interpretation in the context of quantum cosmology has
also been considered elsewhere but with a different methodology (see e.g. [11, 41–44] and
references therein). The Bohmian approach to quantum theory is well suited for quantum
cosmology, since it does not presupposes the existence of a classical domain as it is necessary
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for the Copenhagen interpretation for the measurement process to be defined. In addition,
this interpretation results in the definition of deterministic trajectories in the space of geome-
tries. This allows the comparison of the classical versus semiclassical trajectories through
the corresponding geometric properties of each geometry.
Bohmian mechanics starts with the assumption that the wave function is written in the
polar form and by inserting it in the Schrodinger equation one obtains, separating real and
imaginary parts, the continuity equation for the amplitude as well as a modified Hamilton-
Jacobi equation for the phase which differs from the classical Hamilton-Jacobi equation by
a term of quantum origin known as quantum potential. This equation defines the parti-
cle’s quantum trajectories analogously to the classical equation which defines the classical
trajectories of the particle.
To apply this procedure in minisuperspace models, we start with the polar form
Ψ(q) = Ω(q)eiS(q), (1.23)
where Ω(q) is the amplitude, S(q) is the phase of the wave function and qα are the variables
of the configuration space, and replace it to the Wheeler-DeWitt equation. The result is a
modified Hamilton-Jacobi equation
1
2
Gαβ∂αS∂βS − 1
2
Ω
Ω
+ V = 0, (1.24)
and a second equation that in ordinary quantum theory it is interpreted as the continuity
equation
Gαβ∂αS∂βΩ+
Ω
2µ
∂α(µG
αβ∂βS) = 0. (1.25)
However, in this case probabilities are not defined therefore this equation cannot have the
meaning of a continuity equation.
Following Bohm one can observe that the quantity ∂αS can be identified with the
momentum of the system, thus assuming that the classical definition pα = ∂αS is still valid.
We can also recognise the second term as a new potential term coming from quantum effects
known as quantum potential,
Q(q) ≡ − 1
2Ω
Ω = − 1
2µ
∂α(µG
αβ∂β)Ω. (1.26)
This line of thinking can lead to the equations [25]
∂S
∂qα
=
∂L
∂q˙α
. (1.27)
When the quantum potential vanishes (see section V of [25] for a full explanation), the
solution of this set of equations coincides with the classical one, while for a non-vanishing
quantum potential this is not true anymore.
In this work, the wave function (1.23) is the solution obtained from each subalgebra.
This is either already in polar form or it is written in this way in some approximation limits;
thus the phase function and the amplitude are immediately read from Ψ. As it is expected,
for those models for which Q = 0, the emerging semiclassical geometries are equivalent
to the classical ones, while for non-zero potential we obtain a different solution. The new
semiclassical spacetime can be studied for the fate of the classical singularities, which is a main
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issue in the study of the modern quantum cosmology. The other aspect of the semiclassical
spacetime we then focus on is its matter content. To this end, we simulate the effective
energy-momentum with that one of an imperfect fluid.
In the remainder of the paper, the classical, quantum and semiclassical behaviour of
the following models coupled to a massless scalar field is examined: the Kantowski-Sachs
spacetime 2, the FLRW geometry 3 as well as the Bianchi type II 4, type V 5 and type VI
6 spacetimes. In section 7, we focus on the study of the matter content of the semiclassical
spacetimes obtained by the subalgebras with non zero quantum potential. Finally in section
8 the results are discussed and some conclusions are drawn based on the physical results.
2 Massless scalar field in Kantowski-Sachs spacetime
2.1 Classical treatment
We first study the Kantowski-Sachs spacetime coupled to a massless scalar field. Its metric
line element assumes the form
ds2 = −N2(t)dt2 + a2(t)dr2 + b2(t)(dθ2 + sin2 θdϕ2), (2.1)
where a(t), b(t) are scale factors depending only on time. Even though this metric has the
form (1.1), it does not belong to the Bianchi classification because the action of the group
of isometries on the 3-dimensional spacelike surface is not simply transitive as it is necessary
for a model to be characterized as Bianchi. This is reflected in the non-constancy of the
structure functions appearing in (1.2), C323 =
cot θ
2 , with σ
α
i = diag(1, 1, sin θ).
Integrating over the spatial directions and discarding a term of total derivative the
integrand of the total action (1.3) leads to the following Lagrangian
L = 2aN − 4ba˙b˙
N
− 2ab˙
2
N
− ab
2φ˙2
2N
. (2.2)
In the constant potential parametrization, the rescaled Lagrangian is written
L = −n+ 8aba˙b˙
n
+
4a2b˙2
n
+
a2b2φ˙2
n
, (2.3)
where we have set n = −2Na. The Hamiltonian constraint is found to be
H = 1− p
2
a
16b2
+
papb
8ab
+
p2φ
4a2b2
≈ 0, (2.4)
the supermetric of the configuration space is read off the kinetic part of the Lagrangian as
Gαβ =

 0 8ab 08ab 8a2 0
0 0 2a2b2

 . (2.5)
This superspace is conformally flat; the generators of the superspace symmetries become
ξ1 = −a∂a + b∂b, ξ2 = −aφ∂a + bφ∂b − 4 ln a∂φ, ξ3 = ∂φ, ξh = a
2
∂a, (2.6)
where ξi, i = 1, 2, 3 represent the Killing fields and ξh the homothetic field. Their Lie bracket
algebra is
[ξ1, ξ2] = 4ξ3, [ξ2, ξ3] = −ξ1, [ξ2, ξh] = 2ξ3, (2.7)
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and the system of the first integrals expressed in the velocity phase space variables is
Q1 =
8ab2a˙
n
= κ1, (2.8)
Q2 =
8ab2
(
φa˙− aφ˙ ln a
)
n
= κ2, (2.9)
Q3 =
2a2b2φ˙
n
= κ3, , (2.10)
Qh =
4a2bb˙
n
= κh −
∫
dt n(t), (2.11)
where κi, i = 1, 2, 3, h are constants. The algebraic solution of the system gives us a relation
between the variables (a, φ)
φ =
κ2 + 4κ3 ln a
κ1
. (2.12)
Inserting this relation in the initial Lagrangian (2.3) results in a further reduced Lagrangian
with two degrees of freedom instead of three:
Lred = −n+ 16κ
2
3b
2a˙2
κ21n
+
8aba˙b˙
n
+
4a2b˙2
n
. (2.13)
This reduced Lagrangian is also valid in the sense that the emanating equations of motion
are equivalent to those obtained from (2.3) when the solution (2.12) is inserted. This is in
general not the case for every Lagrangian and the equivalence has to be checked every time
we assume a particular reduction . The advantage of using Lred is that the problem becomes
one with less degrees of freedom, thus easier to be solved.
Following the same procedure, we find the Hamiltonian constraint corresponding to the
reduced Lagrangian:
Hred = 1− κ
2
1p
2
a
16λb2
+
κ21papb
8λab
− κ
2
3p
2
b
4λa2
≈ 0, (2.14)
where we have written for simplicity λ2 = κ21 − 4κ23 which is the Casimir operator of the
algebra of the conserved quantities of Lagrangian (2.3). The corresponding supermetric is
Gαβ =
(
32b2κ23
κ21
8ab
8ab 8a2
)
, (2.15)
and its symmetry generators are
ζ1 = −a∂a + b∂b, (2.16)
ζ2 = −
κ1 sinh(
λ lna
κ1
)
bλ
∂a +
cosh(λ ln aκ1 ) +
κ1
λ sinh(
λ lna
κ1
)
a
∂b, (2.17)
ζ3 = −
κ1 cosh(
λ lna
κ1
)
bλ
∂a +
sinh(λ ln aκ1 ) +
κ1
λ cosh(
λ lna
κ1
)
a
∂b, (2.18)
ζh =
a
2
∂a, (2.19)
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satisfying the following Lie algebra
[ζ1, ζ2] = − λ
κ1
ζ3, [ζ1, ζ3] = − λ
κ1
ζ2, [ζ2, ζh] =
1
2
ζ2 − λ
2κ1
ζ3, [ζ3, ζh] = − λ
2κ1
ζ2 +
1
2
ζ3.
(2.20)
The solution of the system Qredi ≡ ζαi pα = ci, i = 1, 2, 3, h is
b =
c1κ1
λa
(
c3 cosh
λ lna
κ1
− c2 sinh λ ln aκ1
) , (2.21)
b˙ =
c1
(
−c3κ21 + 4c3κ23 + c2κ1λ+
(
c2λ
2 − c3κ1λ
)
coth λ lnaκ1 sinh
−1 λ lna
κ1
a˙
)
λ2a2
(
c2 − c3 coth λ ln aκ1
)2 , (2.22)
n =
8c1a˙
a
(
c3 cosh
λ lna
κ1
− c2 sinh λ ln aκ1
) , (2.23)
∫
dt n(t) = ch +
c1
(
−c3κ1 + c2λ+ (c2κ1 − c3λ) coth λ ln aκ1
)
2λ
(
c2 − c3 coth λ lnaκ1
) . (2.24)
plus a relation for the constants c23 − c22 = 16 resulting from the demand that the solutions
satisfy the constraint. This relation is the arithmetic value of the Casimir invariant of the
algebra spanned by the generators of the reduced supermetric on shell. Now, by setting
c2 = 4 sinhκ and selecting as a gauge condition a = e
t, the solution is found to be
N = − c1
4et cosh2(κ− λtκ1 )
, b =
c1κ1
4λet cosh(κ− λtκ1 )
, φ =
κ2 + 4κ3t
κ1
. (2.25)
This solution still contains redundant constants which are not necessary for the description
of geometric features of the spacetime. Therefore, several changes of coordinates, allowed by
the diffeomorphism covariance of the theory, are applied to absorb these constants. The final
line element is written as
ds2 = − βe
αT
cosh4 T
dT 2 + e−αT dr2 +
eαTβ
cosh2 T
dθ2 +
eαT
cosh2 T
sin2 θdϕ. (2.26)
As it has been checked with the theorem of [45, 46], this metric is characterized by two
essential constants. Its Ricci scalar is
R =
e−αT (α2 − 4) cosh4 T
2β
. (2.27)
The singularity of this spacetime appears for T → ∞ for any value of the constants, apart
from α2 = 4. We now proceed to the quantization and the semiclassical analysis of the results
in order to find out whether the singularity can be removed.
2.2 Canonical quantization and semiclassical analysis
The quantization of the system is performed for the reduced Lagrangian. The admissi-
ble subalgebras which satisfy the relation (1.22) are the two-dimensional (Qˆ2, Qˆ3) and the
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one-dimensionals Qˆ1, Qˆ2, Qˆ3. However, the latter two are members of a higher dimensional
admissible subalgebra and their results are not studied separately [1, 25]. We adopt this
point of view for all the other models of the paper. Omitting the momentum constraint
equation, since its impact is always the same on the wave function, the quantum equations
on our disposal are
Qˆ1Ψ = i(−b∂b + a∂a)Ψ = κ1Ψ, (2.28)
Qˆ2Ψ = − i
abλ2
(
b
(
λ2 cosh
λ ln a
κ1
+ κ1λ sinh
λ ln a
κ1
)
∂b − aκ1λ sinh λ ln a
κ1
∂a
)
Ψ = κ2Ψ,
(2.29)
Qˆ3Ψ = − i
abλ2
(
b
(
κ1λ cosh
λ ln a
κ1
+ λ2 sinh
λ ln a
κ1
)
∂b − aκ1λ cosh λ ln a
κ1
∂a
)
Ψ = κ3Ψ,
(2.30)
HˆΨ =
(
−1− κ
2
3
4a2bλ2
∂b − κ3
4a2λ2
∂bb − κ
2
1
16ab2λ2
∂a +
κ21
8abλ2
∂ab − κ
2
1
16b2λ2
)
Ψ = 0, (2.31)
which are Hermitian under the measure µ = 8
√
2a2b2. We study each subalgebra separately.
2.2.1 Subalgebra (Qˆ2, Qˆ3)
In this case, eqs (2.31), (2.29) and (2.30) are solved and give the wave function
Ψ(a, b) = A exp
(
i ab cosh
λ ln a
κ1
(
c2 −
√
16 + c22 tanh
λ ln a
κ1
))
. (2.32)
We now perform the semiclassical analysis in order to draw some conclusions on the nature
of the singularity. The quantum potential in this case is zero and therefore, as discussed in
the introduction, the semiclassical solution is expected to be the same as the classical one.
Indeed after solving the semiclassical system
b
κ1
(
(−λ
√
16 + c22 + c2κ1) cosh
λ ln a
κ1
+ (λc2 −
√
16 + c22κ1) sinh
λ ln a
κ1
)
=
32κ23b
2a˙
κ21n
+
8abb˙
n
,
(2.33)
a cosh
λ ln a
κ1
(
c2 −
√
16 + c22 tanh
λ ln a
κ1
)
=
8aba˙
n
+
8a2b˙
n
,
(2.34)
under the gauge choice a = et we find that this is the case here. We proceed to the next
subalgebra.
2.2.2 Subalgebra Qˆ1
For the one-dimensional subalgebra Qˆ1, the solution of eqs (2.28) and (2.31) is
Ψ = e−ic1 ln a
(
A1J ic1κ1
λ
(−i4ab) +B1Y ic1κ1
λ
(−i4ab)
)
, (2.35)
where Jν(z), Yν(z) are the Bessel function of the first and second kind respectively. To bring
this wave function in polar form, we consider approximation limits for the Bessel functions.
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The wave function for small and large arguments takes the form
Ψsm ≈ D1 cos
(c1κ1
λ
ln(4ab)
)
e−ic1 ln a, (2.36)
Ψla ≈ D2 1√
ab
sinh(4ab+
c1κ1π
2λ
)e−ic1 lna. (2.37)
The quantum potential does not vanish and equals to Qsm = − c
2
1κ
2
1
16a2b2(κ21−4κ23)
for small argu-
ments of the Bessel function and Qla = 1+ 164a2b2 for late times, therefore it is expected that
the semiclassical solution will differ from the classical. Indeed, the semiclassical equations
are explicitly written as
32κ23b
2a˙
κ21n
+
8abb˙
n
= −c1
a
, (2.38)
8aba˙
n
+
8a2b˙
n
= 0 (2.39)
and by selecting the gauge n = 1, the solution becomes
a = d2 exp
(
c1κ
2
1t
8d21(κ
2
1 − 4κ23)
)
, b =
d1
c1
exp
(
c1κ
2
1t
8d21(κ
2
1 − 4κ23)
)
(2.40)
where di are integration constants. After proper re–parameterizations and change of coordi-
nates we find that the line element is
ds2 = −α
T
dT 2 +
1
T
dr2 + Tdθ2 + T sin2 θdϕ2, (2.41)
where α =
4d21λ
4
c21κ
4
1
. This spacetime has a singularity at T → 0, which however disappears for
α = 14 since the Ricci scalar becomes constant at this value
R =
1− 4α
2αT
(2.42)
3 Massless field in the FLRW universe
3.1 Classical treatment
We now turn to the study of FLRW geometries. These belong to the Bianchi classification;
note, however, that they appear as special solutions of several Bianchi types. The spatially
closed case belongs to Bianchi type IX model, the spatially open to type V while the spatially
flat to the Bianchi type I. We solve in detail the k 6= 0 cases and only mention the final result
for the spatially flat case. The general form of the line element of a FLRW spacetime is
ds2 = −N2(t)dt2 + a2(t)
(
dr2
1− kr2 + r
2dθ2 + r2 sin2 θdϕ2
)
, (3.1)
where N(t) is the lapse function and a(t) is the scale factor. For this spacetime, the total
Lagrangian for gravity plus matter system is
L = 6Nka− 6aa˙
2
N
+
a3φ˙2
2N
, (3.2)
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where a term of a total time derivative has been discarded. This Lagrangian has the singular
form of equation (1.4) and the procedure of integration of the system via the conditional sym-
metries applies here. To this end, we have to turn to the constant potential parametrization2
by setting n = 6kNa resulting in
L = n− 36ka
2a˙2
n
+
3ka4φ˙2
n
, (3.3)
with the corresponding Hamiltonian constraint and supermetric respectively
H = − p
2
a
72ka2
+
p2φ
12ka4
− 1 ≈ 0, Gαβ = 6ka
(−12a 0
0 a3
)
. (3.4)
This supermetric represents a flat two-dimensional space, admitting the following three sym-
metries and the homothecy
ξ1 =
eφ/
√
3
a
∂a − 2
√
3eφ/
√
3
a2
∂φ, ξ2 =
e−φ/
√
3
a
∂a +
2
√
3e−φ/
√
3
a2
∂φ, ξ3 = ∂φ, ξh =
a
4
∂a
(3.5)
where as before the numbered indices denote the Killing fields while h denotes the homothetic
field. These symmetry generators satisfy the following Lie bracket algebra
[ξ1, ξ3] = − 1√
3
ξ1, [ξ2, ξ3] =
1√
3
ξ2, [ξ1, ξh] =
1
2
ξ1, [ξ2, ξh] =
1
2
ξ2, (3.6)
For the case k = 0 the corresponding algebra is the same but with structure constant coef-
ficients being C131 = C
2
23 =
√
3
4 , C
1
1h = C
2
2h =
1
2 . The corresponding first integrals of motion
in the configuration space are:
Q1 = −
12e
φ√
3 ka
(
6a˙+
√
3aφ˙
)
n
, Q2 =
12e
− φ√
3 ka
(
−6a˙+√3aφ˙
)
n
, (3.7)
Q3 =
6ka4φ˙
n
, Qh = −18ka
3a˙
n
+
∫
dt n(t), (3.8)
In order to determine the line element, the system Qi = κi for i = 1, 2, 3, h with κi constants
is solved. The solution is
a =
2× 31/4√κ3e
φ
2
√
3√
−κ1 + κ2e
2φ√
3
, (3.9)
a˙ = −
√
κ3e
φ
2
√
3 (κ1 + κ2e
2φ√
3 )φ˙
31/4(−κ1 + κ2e
2φ√
3 )3/2
, (3.10)
n =
288κ3e
2φ√
3 kφ˙
(κ1 − κ2e
2φ√
3 )2
, (3.11)
∫
dt n(t) = −κh −
√
3κ3(κ1 + κ2e
2φ√
3 )
2(κ1 − κ2e
2φ√
3 )
, (3.12)
2For k = 0, the Lagrangian is already in the constant potential parametrization. This results in the
existence of numerous rheonomic integrals of motion corresponding to the infinite number of conformal Killing
fields in two dimensions.
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while a relation for the constants appearing in the system is also found by the only non trivial
consistency condition ∂∂t
∫
dt n(t) = n,
κ1κ2 + 144k = 0. (3.13)
This relation is the constraint equation of the theory, and it is interesting to note that the
Casimir invariant of the algebra is the term Q1Q2 which is also the kinetic part of the
Hamiltonian.
The system of equations is Qi = κi, where i = 1, 2, 3, h is solved by setting one of the
constants κ1, κ2 equal to zero. This is necessary because of the vanishing of the constraint
and the fact that its kinetic part (k = 0) when expressed with respect to Qi’s equals Q1Q2.
As before, it is also here true that this product is the Casimir invariant of the algebra.
In this form, the solution still contains an arbitrary function of time, representing the
time reparametrization invariance (since no gauge fixing has been assumed in deriving the
solution). Choosing the gauge φ = ln t we find that the solution is
a =
2× 31/4√κ3t
1
2
√
3√
−κ1 + κ2t2/
√
3
, N =
8× 33/4√κ3t−1+
√
3
2
(−κ1 + κ2t2/
√
3)
. (3.14)
By inserting it in the line element (3.1) and performing proper coordinate transformations
in order to absorb the redundant constants, the final line element of the spacetime is
ds2 = − λ
4
√
T (1 + Tǫ)3
dT 2 +
λ
√
T
(1 + Tǫ)
(
dr2
1− r2ǫ + r
2dθ2 + r2 sin2 θdϕ2
)
. (3.15)
This geometry has one essential constant, as can be shown by using the methodology of
[45, 46]. The Ricci scalar is
R = −3(Tǫ+ 1)
3
2T 3/2λ
, (3.16)
where we have set λ = − κ3√
3k3/2
rendering the metric element singular for both T → 0 and
T →∞. The same steps for the spatially flat case lead us to the solution
ds2 = −dT 2 + T 2/3dr2 + T 2/3r2dθ2 + T 2/3r2 sin2 θdϕ2. (3.17)
This spacetime metric is conformally flat with Ricci scalar
R = − 2
3T 2
. (3.18)
It does not contain any essential constants characterizing the geometry and the matter content
of the spacetime and, as can be seen from the form of the Ricci scalar, a singularity for T → 0
appears.
3.2 Canonical quantization and semiclassical analysis
We next canonically quantise the classical system. Promoting the constraints as well as the
first integrals Qi to operators and imposing them on the wave function gives the following
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quantum equations:
Qˆ1Ψ = − ie
φ/
√
3(−6∂φΨ+
√
3a∂aΨ)√
3a2
= κ1Ψ, (3.19)
Qˆ2Ψ = − ie
−φ/
√
3(6∂φΨ+
√
3a∂aΨ)√
3a2
= κ2Ψ, (3.20)
Qˆ3Ψ = −i∂φΨ = κ3Ψ, (3.21)
HˆΨ = −144ka
4Ψ− 12∂φφΨ+ a(∂aΨ+ a∂aaΨ)
144ka4
= 0, (3.22)
where the measure is µ(a, φ) = 6
√
3a3k. The quantum equations QˆiΨ = κiΨ that can be im-
posed simultaneously according to the condition (1.22) are the two-dimensional (Qˆ1, Qˆ2) and
the one-dimensionals Qˆ1, Qˆ2, Qˆ3. The one-dimensional subalgebras spanned by the operators
Qˆ1, Qˆ2 give solutions which are special cases of the two-dimensional case [1].
3.2.1 Subalgebra (Qˆ1, Qˆ2)
For the case of the two-dimensional subalgebra, we solve the eqs (3.19), (3.20) and (3.22).
The solution for the wave function is
Ψ = A exp
(
i
a2
4
(κ1e
− φ√
3 + κ2e
φ√
3 )
)
. (3.23)
The semiclassical analysis is next performed following Bohm as explained in the introduction.
This wave function is written in polar form and we can see that the amplitude Ω is constant.
Therefore, the quantum potential will vanish rendering the solution for this case same as the
classical metric. Indeed, if we solve the semiclassical solutions
1
2
a
(
−e−φ/
√
3(κ1 + e
2φ/
√
3κ2)
)
=
144kaa˙
n
, (3.24)
a2
12
(√
3e−φ/
√
3(κ1 − e2φ/
√
3κ2)
)
= −72ka
2φ˙
n
, (3.25)
with phase function S = 14a
2e
− φ√
3 (κ1 + κ2e
2φ√
3 ) we indeed find the same line element as in
the classical case. The same conclusion also holds for k = 0.
3.2.2 Subalgebra Qˆ3
In the case of the one-dimensional algebra, the system of equations is formed by the equations
(3.22) and (3.21). The wave function is
Ψcl(a, φ) = e
iφκ3(A1I−i
√
3κ3
(6a2) +B1Ii
√
3κ3
(6a2)), (3.26)
Ψop(a, φ) = e
iφκ3(A2J−i
√
3κ3
(6a2) +B2Ji
√
3κ3
(6a2)), (3.27)
for the closed and open case respectively. In order to write the wave function in polar form
for the semiclassical analysis, approximation limits are taken, for small and large arguments
of the Bessel functions. Using the simplifying assumption A1 = B1, A2 = B2 renders the,
common for the two cases, wave function
Ψsm ≈ c1eiκ3φ cos ln a. (3.28)
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Similarly for the large values, assuming again A1 = B1, A2 = B2 and using the formulas of
the appendix the wave function becomes
Ψclla ≈
ea
2
a
eiκ3φ, Ψopla ≈
sin(6a2)
a
eiκ3φ. (3.29)
The quantum potential for small values does not vanish Qsm = 1144ka4 , while Qclla = − 1+4a
4
144a4k
and Qopla = 144ka
4−1
144ka4
. The phase function is S = κ3φ. The solution of the semiclassical
equations with respect to (a, n) is
a = c, n =
6ka4
κ3
φ˙, (3.30)
and has a remaining freedom for the scalar field which we select to be such that the lapse
function N(t) of the semiclassical element is the same as for the classical, that is
φ(t) = −
8× 33/4t
√
3/2
√
−48kt2/
√
3
κ1
− κ13 κ1κ
3/2
3
(
−3 +
√
1 + 144kt
2/
√
3
κ21
2F1
(
1
2 ,
3
4 ;
7
4 ;−144kt
2√
3
κ21
))
c3(144kt2/
√
3κ1 + κ31)
,
(3.31)
where 2F1 (a, b; c; d) is the Gauss hypergeometric function. Inserting the solution in the
4-dimensional element and after proper coordinate transformations the spacetime metric is
written
ds2 = − λ
4
√
T (1 + Tǫ)3
dt2 +
1
1− ǫr2dr
2 + r2dθ2 + r2 sin2 θdϕ2, (3.32)
where the sign (+) accounts for the closed case and (−) for the open case while the identifi-
cation c2 = λ
2
16 has been considered in order for the constant λ coincide with that one in the
classical metric. This spacetime has the interesting property of having constant Ricci scalar
R = 6k, all higher derivatives of its Riemann tensor zero and constant all curvature scalars
constructed from its Riemann tensor. Hence, there is no curvature and/or higher derivative
curvature singularity.
Following the same procedure for the spatially flat case, we find that the wave function
is of the form
Ψ(a, φ) = eiκ3φ
(
A3 cos(2
√
3κ3 ln a) +B3 sin(2
√
3κ3 ln a)
)
.
Note that in this case there is no need to make an approximation in order to write it in
polar form as it is already in this form with Ω = A3 cos(2
√
3κ3 ln a)+B3 sin(2
√
3κ3 ln a) and
S = κ3φ. The line element we obtain is
ds2 = −dT 2 + dr2 + r2dθ2 + r2 sin2 θdϕ2. (3.33)
This spacetime is the Minkowski spacetime and does not contain any essential constants.
Therefore, there is no singularity for the range of all times, since no approximation limits
have been considered here.
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4 Bianchi type II coupled to a massless scalar field
4.1 Classical analysis
The Bianchi type II spacetime metric has the general form of eq. (1.1) with invariant one-
forms being
σ =

 0 1 −x0 0 1
1 0 0

 . (4.1)
We choose the γ matrix to have the diagonal form γ = diag(e2a, e2b, e2c) where a, b, c are
scale factors. Therefore, the 4-dimensional line element becomes
ds2 = −N2dt2 + e2cdx2 + e2ady2 − 2e2axdydz + (e2ax2 + e2b)dz2. (4.2)
The integrand of the total action (1.3), after discarding a term of total derivative, becomes
L = − 1
2N
ea+b+c
(
4b˙c˙+ 4a˙b˙+ 4a˙c˙− φ˙2
)
− N
2
e3a−b−c. (4.3)
We choose to apply the conditional symmetries method in the constant potential parametriza-
tion by setting the lapse equal toN = 2n exp (−3a+ b+ c) where n denotes the lapse function
in the new parametrization. The new Lagrangian is therefore
L = − 1
4n
e4a
(
4a˙b˙+ 4a˙c˙+ 4b˙c˙− φ˙2
)
− n, (4.4)
from which we can read the supermetric Gαβ in these
Gαβ = e
4a


0 −1 −1 0
−1 0 −1 0
−1 −1 0 0
0 0 0 12

 . (4.5)
This superspace is conformally flat and admits six Killing vector fields ξi, i = 1, . . . , 6 and
one homothetic vector field ξh, which are
ξ1 = (a+ b)∂b − (a+ c)∂c, ξ2 = 1
2
φ∂c + (a+ b)∂φ, ξ3 = ∂b,
ξ4 = φ∂b + 2(a+ c)∂φ, ξ5 = ∂c ξ6 = ∂φ ξh =
1
4
∂a. (4.6)
The non vanishing commutators of the Lie algebra spanned by the above vector fields are
[ξ1, ξ2] = ξ2, [ξ1, ξ3] = −ξ3, [ξ1, ξ4] = −ξ4, [ξ1, ξ5] = −ξ5,
[ξ2, ξ3] = −ξ6, [ξ2, ξ4] = ξ1, [ξ2, ξ6] = −1
2
ξ5, [ξ4, ξ5] = −2ξ6
[ξ4, ξ6] = −ξ3, [ξ1, ξh] = −1
2
(ξ3 − ξ5) [ξ2, ξh] = −1
2
ξ6, [ξ4, ξ6] = −ξ6. (4.7)
The six first integrals of motion Qi, in the velocity phase space, generated by the correspond-
ing ξi, i = 1, . . . , 6 are
Q1 =
e4a
n
(
(a˙+ b˙)c+ (b˙− c˙)a− (a˙+ c˙)b
)
, Q2 =
e4a
2n
(
−(a˙+ b˙)φ+ (a+ b)φ˙
)
, Q3 = −e
4a
n
(a˙+ c˙) ,
Q4 =
e4a
n
(
−(a˙+ c˙)φ+ (a+ c)φ˙
)
, Q5 = −e
4a
n
(
a˙+ b˙
)
, Q6 =
e4a
2n
φ˙, (4.8)
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while the rheonomic integral of motion arising from the vector field ξh is
Qh = −e
4a
4n
(
b˙+ c˙
)
−
∫
dt n. (4.9)
The solution of the system Qi = κi, i = 1, . . . , 6 is
n = −e
4a
κ5
(
a˙+ b˙
)
, φ = −2κ6
κ5
(a+ b) +
2κ2
κ5
, c =
κ3
κ5
(a+ b)− a+ κ4κ5 − 2κ2κ3
2κ5κ6
, (4.10)
along with the consistency equation
2κ1κ6 + κ4κ5 − 2κ2κ3 = 0. (4.11)
In order to determinate the final function b we insert the above functions into the integral
Qh and we end up with
b = c2 − a− 1
2
c1ǫ arctan
(√
κ5 − c21e4a
κ5
)
, (4.12)
where ǫ = ±1 and c1, c2 are constants of integration. The various constants that appear in
the solution are constrained by the nihilism of the Hamiltonian constraint H, resulting to
κ25 + c
2
1(κ
2
6 − κ3κ5) = 0.
The spacetime metric, after making the gauge choice a = 14 ln
(
(κ3κ5 − κ26) sech2t
)
and
removing the inessential constants, is
ds2 =− e(α+ν)t cosh t dt2 + e−αt cosh t dx2 + secht dy2 − 2x secht dy dz + (e−νt cosh t+ x2 secht) dz2
(4.13)
In this line element the singularity appears for t = ±∞ (depending on the values of the
constants α, ν) as can be seen from the Ricci scalar
R = −1
2
e(α+ν)t(αν − 1) secht. (4.14)
4.2 Quantization and semiclassical analysis
For this model, the admissible subalgebras compatible with the condition (1.22) are the
three-dimensional (Qˆ3, Qˆ5, Qˆ6), the two-dimensionals (Qˆ1, Qˆ6), (Qˆ3, Qˆ4), (Qˆ2, Qˆ5) as well as
all the one-dimensional ones for which we omit the detailed analysis since they all belong to
the higher-dimensional algebras. The system of the quantum equations are
Qˆ1Ψ = i((a+ c)∂c − (a+ b)∂b)Ψ, (4.15)
Qˆ2Ψ = − i
2
(2(a + b)∂φ + φ∂c)Ψ, (4.16)
Qˆ3Ψ = −i∂bΨ, (4.17)
Qˆ4Ψ = −i(2(a + c)∂φ + φ∂b)Ψ, (4.18)
Qˆ5Ψ = −i∂cΨ, (4.19)
Qˆ6Ψ = −i∂φΨ, (4.20)
HˆΨ = −1
4
e−4a((4e4a − 8) + 4∂φφ − 4∂c + ∂cc − 4∂b − 2∂bc + ∂bb + 4∂a − 2∂ac − 2∂ab + ∂aa)Ψ,
(4.21)
where the measure under which the operators are hermitian is taken to be equal to µ = e8a
(and of course assuming suitable boundary conditions). We proceed to the quantization for
each subalgebra and the semiclassical analysis.
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4.2.1 Subalgebra (Qˆ3, Qˆ5, Qˆ6)
The solution for this case is
Ψ(a, b, c, φ) =
(
A1J−λ(e
2a) +A2Jλ(e
2a)
)
eiS , (4.22)
where
S = κ3b+ κ5c+ (κ3 + κ5)a+ κ6φ, (4.23)
is the phase function and λ2 = 3− κ3κ5 + κ26. In order to perform the semiclassical analysis,
the wave function has to be written in polar form. In order to do this, we study the behaviour
of the argument of the Bessel functions. Depending on the values of the constants, it can
be selected to become very large thus corresponding to the large arguments of the Bessel
function. For the case of the small arguments, the approximation, assuming that A1 = A2,
gives us for the wave function
Ψsm ≈ eiSe−2a cosh(2λa). (4.24)
The quantum potential in this case is Qsm = e−4a(2− κ3κ5 + κ26). For the large arguments,
the same approximation gives the wave function
Ψla ≈ eiSe−3a(cos e2a + sin e2a) (4.25)
and we have for the quantum potential
Qla = −1− 3e
−4a
4
(4.26)
Solving the semiclassical equations ∂L∂q˙i =
∂S
∂qi
for a, b, c, n, making a convenient gauge choice
for the scalar field and absorbing the inessential constants by making allowed coordinate
transformations, the line element is finally takes the form
ds2 = −λ1eTdT 2 + T 2dx2 + dy2 − 2xdydz + 1
4
(
4x2 + (λ2T + λ3)
2
)
dz2 (4.27)
where λ1, λ2, λ3 are combinations of constants. The Ricci scalar is
R = − 2
T 2(λ2T + λ3)
− 2λ
2
2T − 2λ22 + 3λ2λ3
λ1eT (λ2T + λ3)
+
2λ2λ3 − λ23
λ1eTT (λ2T + λ3)
(4.28)
This metric has a singularity at T → 0.
4.2.2 Subalgebra (Qˆ1, Qˆ6)
For this subalgebra, as well as for all other two-dimensional subalgebras, the Wheeler-DeWitt
and the eigenvalue equations for the members of the subalgebra in question are not enough
to give a unique solution for the wave function. This being the case, we can turn in the
Casimir invariant of the algebra and promote it to operator, an action which is permissible
in view of the fact that it commutes with all the members of the full algebra. The Casimir
invariant is
Qˆcas = 4Qˆ1Qˆ6 − 2Qˆ2Qˆ3 − 2Qˆ3Qˆ2 + Qˆ4Qˆ5 + Qˆ5Qˆ4 +A(Qˆ3Qˆ5 − Qˆ26), (4.29)
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where A is a constant. This gives the eigenvalue equation with constant value κcas that is
imposed on the wave function. Thus we have the additional equation
QˆcasΨ = A(∂φφ − ∂bc)Ψ = κcasΨ. (4.30)
Now, the solution of the system of equations (4.16), (4.18), (4.21) and (4.29) is
Ψ = eiS
(
Iiκ1(2
√
−(a+ b)(a+ c)κ26) +Kiκ1(2
√
−(a+ b)(a+ c)κ26)
)(
A1J−
√
3(e
2a) +A2J√3(e
2a)
)
(4.31)
where
S = κ1 ln(a+ b) + κ6φ− κ26
κ1
2
ln (−(a+ b)(a+ c)) (4.32)
is the phase function which we identify with the action. In order to write the wave function
in polar form we make approximations so that the Bessel arguments take small values, thus
Ωsm = e
−2a cos(κ1 ln(2
√
−(a+ b)(a+ c)κ26)) cosh(2
√
3a) (4.33)
which gives a quantum potential equal to Qsm ≈ (8a
2+8bc+8ab+8ac+κ21)
4e4a(a+b)(a+c)
. For the large ar-
guments, the phase function remains the same as in the last case while the coefficient Ω
becomes
Ωla = e
−3a+2
√
−(a+b)(a+c)κ26 cos e
2a + sin e2a√
−(a+ b)(a+ c)κ26
(4.34)
which renders the quantum potentialQla ≈
(
−1+2
√
−(a+b)(a+c)κ26−(a+b)(a+c)(3+4e4a−4κ26)
)
4e4a(a+b)(a+c) . Since
the quantum potentials do not vanish, it is expected that the semiclassical spacetime will
differ from the classical. Following the usual steps, the final line element is
ds2 = − λ
2
1
(1 + T )2
e
2c1T+
2(c21+c2)
c1(1+T ) dT 2 + T 2dx2 + dy2 − 2xdydz +
(
(c2 − c21T )2
c1 + c1T
+ x2
)
dz2
(4.35)
in which remain three essential constants after performing allowed coordinate transforma-
tions. From the Ricci scalar we find that the singularity appears for T → 0 and T → ∞
when c1 < 0 while for c1 > 0 the Ricci scalar is zero, thus the singularity is resolved for this
range of the c1 parameter.
4.2.3 Subalgebra (Qˆ2, Qˆ5) and (Qˆ3, Qˆ4)
The solution of the system for the subalgebra (Qˆ2, Qˆ5) is given by the use of equations (4.16),
(4.19), (4.21) and (4.29) is
Ψ =
(
c1J−
√
3(e
2a) + c2J√3(e
2a)
)
eiS , (4.36)
where
S =
4κ25a
2 + 4κ25bc+ 4κ
2
5(b+ c)− (κ5φ− 2κ2)2
4κ5(a+ b)
, (4.37)
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is the phase function. In order to write the wave function in polar form we make approxi-
mations so that the Bessel arguments take small values for the classical values of the scale
factors.
Ωsm = e
−2a cos(
√
a+ b) cosh(2
√
3a), (4.38)
which gives a quantum potential equal to Qsm ≈ 2e−4a. For the large arguments, the phase
function remains the same as in the last case while the coefficient Ω becomes
Ωla =
cos e2a + sin e2a
e3a
√
a+ b
, (4.39)
which renders the quantum potential Qla ≈ −1− 34e4a . Since the quantum potentials do not
vanish, it is expected that the semiclassical spacetime will differ from the classical. Following
the usual steps for finding the semiclassical solution, we find that the final line element is
ds2 = −λ22eλ3Tdt2 + λ21T 2dx2 + dy2 − 2xdydz +
(
x2 + (1 + T )2
)
dz2, (4.40)
in which remain three essential constants after performing allowed coordinate transforma-
tions. The Ricci scalar becomes infinite for T → 0 as well as for T →∞ for negative values
of λ3 parameter, while it vanishes at this limit for positive values of this parameter.
The subalgebra (Qˆ3, Qˆ4) is not studied separately because it has the same solution with
this algebra under the replacements κ5 → κ3, κ2 → −κ42 .
5 Bianchi type V coupled to a massless scalar field
5.1 Classical analysis
The appropriate invariant one-forms for this model are
σ =

 0 e−x 00 0 e−x
1 0 0

 , (5.1)
while the γ matrix assumes the diagonal form γ = diag(a4, b4, c2). The 4-dimensional space-
time is therefore described by
ds2 = −N2dt2 + c2dx2 + e−2xa4dy2 + e−2xb4dz2. (5.2)
This spacetime element, in order to give a valid Lagrangian, has to be simplified by taking
into account the solution of the Einstein equation G12 = T
1
2 . This equation gives the condition
c = ab. The integrand of the total action (1.3), after discarding a term of total derivative,
becomes
L = −6abN − 4ab
3a˙2
N
− 16a
2b2a˙b˙
N
− 4a
3bb˙2
N
+
a3b3φ˙2
2N
. (5.3)
In order to assume the constant potential parametrization, we make the transformation
N = n6ab , where n is the reparametrized lapse function. The Lagrangian therefore becomes
L = −n− 96a
3b3a˙b˙
n
− 24a
2b4a˙2
n
− 24a
4b2b˙2
n
+
3a4b4φ˙2
n
. (5.4)
The symmetries of the system are more explicit in the new coordinates (u, v, φ) where
a = e
u+v
4 , b = e
1
4
(u−v), (5.5)
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while φ remains the same. The corresponding Hamiltonian constraint and the supermetric
are
H = 1− 1
36
e−2up2u +
1
12
e−2up2v +
1
12
e−2up2φ ≈ 0, (5.6)
Gαβ =

−18e2u 0 00 6e2u 0
0 0 6e2u

 . (5.7)
This superspace is conformally flat and has the following Killing fields and homothecy
ξ1 = ∂v, ξ2 = φ∂v − v∂φ, ξ3 = ∂φ, ξh = 1
2
∂u, (5.8)
satisfying the Lie algebra
[ξ1, ξ2] = −ξ3, [ξ2, ξ3] = −ξ1. (5.9)
The first integrals of motion in the velocity phase space are
Q1 =
6e2uv˙
n
, Q2 =
6e2u
(
φv˙ − vφ˙
)
n
, Q3 =
6e2uφ˙
n
, Qh = −9e
2uu˙
n
−
∫
dt n(t), (5.10)
and the solution of the system Qi = κi is
n =
6e2uv˙
κ1
, u = ln
(
2
√
c2 sinh
−1
(
2
√
c2(c3κ1 − 2v)
κ1
))
, φ = c1 +
κ3v
κ1
, κ2 = c1κ1,
(5.11)
where the constants ci are constants of integration and the last relation is used to reduce the
number of constants in our solution. A second relation for the constants appears due to the
demand the solution satisfies the constraint equation, which is
κ21 + κ
2
3 = 48c2. (5.12)
We make the choice of gauge
v =
1
4
(−2c3κ1 −
κ1 cosh
−1(1t )√
c2
), (5.13)
and return to the initial variables using the inverse transformation (5.5). After this procedure,
the spacetime metric is found to be
ds2 = −
√
c2
2 sinh3 T
dT 2 +
2
√
c2
sinhT
dx2 +
2e−2x−λT
sinhT
dy2 +
2e−2x+λT
sinhT
dz2, (5.14)
where λ = κ14√c2 . This metric contains two essential constants. The singularity appears at
T →∞ as can be seen from the Ricci scalar
R =
(λ2 − 3) sinh3 T√
c2
. (5.15)
and disappears for λ2 = 3.
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5.2 Quantization and semiclassical analysis
For this model, the admissible subalgebras compatible with the condition (1.22) is the two-
dimensional (Qˆ1, Qˆ3) and the one-dimensional Qˆ2. The quantum equations are
Qˆ1Ψ = −i∂vΨ = κ1Ψ, (5.16)
Qˆ2Ψ = i(v∂φ − φ∂v)Ψ = κ2Ψ, (5.17)
Qˆ3Ψ = −i∂φΨ = κ3Ψ, (5.18)
HˆΨ = e
−2u
144
(
(1 + 144e2u)− 12∂φφ − 12∂vv + ∂u + ∂uu
)
Ψ = 0, (5.19)
where the measure is µ = 9
√
2e3u.
5.2.1 Subalgebra (Qˆ1, Qˆ3)
The solution of the quantum equations for this subalgebra is
Ψ = eivκ1+iκ3φe−
u
2 (AJ−λ(6e
u) +BJλ(6e
u)) , (5.20)
where λ =
√
3
√
−κ21 − κ23. Since the wave function is not in the polar form, we consider
approximations for the Bessel functions. The Bessel argument e6u is small for small values
of the time and diverges for large values of time. For small arguments, the form of the wave
function becomes
Ψsm ≈ ce−u/2 cosh(λu)ei(κ1v+κ3φ), (5.21)
while for large it takes the form
Ψla ≈ ce−u cosh(6eu)eκ1v+κ3φ. (5.22)
The quantum potential in both cases is non-zero and equals toQsm = 1144e−2u(1+12κ21+12κ23)
for small arguments and Qla = 1 for large and we have assumed that A13 = B13. Thus, the
spacetime element is expected to differ from the classical in both cases. The phase function
is the same for both of these limiting cases and equal to S13 = κ1v+κ3φ. Solving the system
of semiclassical equations with the above mentioned phase function we find that
u = c1, φ = c2 +
κ3v
κ1
, n =
6e2uv˙
κ1
, (5.23)
which still contain a gauge freedom due to the parametrization invariance of the model. In
the gauge n = e2u we also find that
v =
κ1t
6
+ c3, (5.24)
and using the inverse of the transformation (5.5) and absorbing the redundant constants the
final spacetime metric becomes
ds2 = −e
3c1
36
dT 2 + ec1dx2 + e−2x+
κ1T
6 dy2 + e−2x−
κ1T
6 dz2. (5.25)
This metric contains two essential constants. The Ricci scalar is
R =
1
2ec1
(κ21 − 12e2c1), (5.26)
while the covariant derivative of the corresponding Riemann tensor vanishes. Since all other
scalars constructed from the Riemann tensor are also constant, we conclude that this metric
does not have any singularities at all.
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5.2.2 Subalgebra Qˆ2
In this case the Wheeler-DeWitt equation and the eigenvalue equation for the operator Qˆ2
do not specify completely the wave function. In order to do this, we promote the Casimir
invariant of the full algebra to operator as in the case of the (Qˆ2, Qˆ4) subalgebra of the
Bianchi type II model. The quantum Casimir operator is
Qˆ13 =
1
2
(Qˆ21 + Qˆ
2
3), (5.27)
which in this case does not coincide with the kinetic part of the Hamiltonian constraint as it
happens in most of the cases we study. The corresponding eigenvalue equation is
Qˆ13Ψ =
1
2
(−∂φφ − ∂vv)Ψ = κ13Ψ, (5.28)
which is Hermitian under the same measure µ as the other operators. The result is
Ψ = e
iκ2 tan−1(
v
φ
)
e
u
2 (A2J−λ(6e
u) +B2Jλ(6e
u)) Jκ2(
√
2κ13(v2 + φ2)), (5.29)
where λ = i
√
6κ13. This solution has Bessel functions with different arguments. The ar-
gument eu has already been studied in the case of the two-dimensional subalgebra. The
argument u2 + φ2 has similar behaviour. Assuming that A2 = B2, we find that the wave
function becomes
Ψsm ≈ exp
(
iκ2 tan
−1
(
v
φ
)
− u
2
)
cos
(√
6κ13u
)
(v2 + φ2)
κ2
2 , (5.30)
for small arguments, while it takes the form
Ψla ≈ exp
(
iκ2 tan
−1
(
v
φ
)
− u
2
)(
cos eu + sin eu
(v2 + φ2)1/4
sin
(√
2κ13(v2 + φ2)− 1
2
πκ2 +
π
4
))
,
(5.31)
for large. The phase function is the same for the two cases
S = κ2 tan
−1
(
v
φ
)
. (5.32)
The quantum potential does not vanish for both cases, thus indicating that the semiclassical
solution will not be the same as the classical. Indeed, we find
u = c1, (5.33)
v =
√
2c2 − φ2, (5.34)
φ =
√
2c2√
1 + tan2(12c2c3−κ2t12c2 )
tan
(
12c2c3 − κ2t
12c2
)
. (5.35)
By making the choice of gauge n = e2u we acquire the following spacetime element
ds2 = − c2e
3c1
κ22T (2c2 − T )
dT 2 + ec1dx2 + e−2x+
√
T+c1dy2 + e−2x−
√
T+c1dz2, (5.36)
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which has three essential constants (which are not the same as the ones in the classical case).
The Ricci scalar is
R = −κ
2
2T + 2c2κ
2
2 + 48c
2
2e
2c1
8c22e
3c1
. (5.37)
There is no singularity at T → ∞ because we demand T < c2 in order for the metric to
remain of Lorentzian signature, but there is one for T → −∞. Thus time never reaches
infinite values where the spacetime would encounter a singularity.
6 Bianchi type VI coupled to a massless scalar field
6.1 Classical analysis
The Bianchi type VI class A model has the general form of spacetime metric of eq. (1.1)
with invariant one-forms being
σ =

 0 e−x 00 0 ex
1 0 0

 , (6.1)
while the γ matrix has the diagonal form γ = diag(a2, b2, c2). The 4-dimensional spacetime
is therefore
ds2 = −N2dt2 + b2dx2 + e−2xa4dy2 + e−2xb4dz2. (6.2)
The axisymmetric form of (6.2) for this Bianchi type is given by taking into account the
solution of the Einstein equation G12 = T
1
2 , which leads to the condition c = b. The integrand
of the total action (1.3), after discarding a term of total derivative, becomes
L = −2a
2N
b
− 2ba˙
2
N
− 4aa˙b˙
N
+
a2bφ˙2
N
. (6.3)
In order adopt to the constant potential parametrization, we make the transformation N =
bn
2a2
, where n is the lapse function in the new parametrization. The Lagrangian therefore
becomes
L = −n− 4a
2a˙2
n
− 8a
3a˙b˙
bn
+
2a4φ˙2
n
. (6.4)
The corresponding Hamiltonian constraint is
H = 1− b
8a3
papb +
b2
16a4
p2b +
1
8a4
p2φ ≈ 0. (6.5)
and the supermetric
Gαβ =

−8a
2 −8a3b 0
−8a3b 0 0
0 0 4a4

 . (6.6)
This superspace is conformally flat and has the following Killing fields and homothecy
ξ1 = a∂a − b ln(a2b4)∂b − 2φ∂φ, ξ2 = bφ∂b + 2 ln a∂φ, (6.7)
ξ3 = b∂b, ξ4 = ∂φ, ξh = b(ln(
√
ab))∂b +
φ
2
∂φ. (6.8)
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These generators satisfy the Lie bracket algebra
[ξ1, ξ2] = 2(ξ2 + ξ4), [ξ1, ξ3] = 4ξ3, [ξ1, ξ4] = 2ξ4, [ξ2, ξ4] = −ξ3, (6.9)
[ξ1, ξh] =
1
2
ξ3, [ξ2, ξh] =
1
2
ξ2, [ξ3, ξh] = ξ3, [ξ4, ξh] =
1
2
ξ4. (6.10)
The first integrals of motion in the velocity phase space are
Q1 =
1
n
(
(−8a3 + 16a3 ln a+ 32a3 ln b)a˙− 8a
4
b
b˙− 8a4φφ˙
)
, (6.11)
Q2 = −8a
3φ
n
a˙+
8a4 ln a
n
φ˙, (6.12)
Q3 = −8a
3a˙
n
, (6.13)
Q4 =
4a4
n
φ˙, (6.14)
Qh = −4a
3 ln(ab2)
n
a˙+
2a4φ
n
φ˙−
∫
n dt. (6.15)
The solution of the system Qi = κi, i = 1, 2, 3, 4, h is
N =
bn
2a3
, (6.16)
a =
1
21/4
(8c1 − κ3t)1/4, (6.17)
φ = c2 − κ4
2κ3
ln(8c1 − κ3t), (6.18)
b = 21/8 exp
(−2κ1κ3 + κ23 − 8c1c3κ53 − 4c2κ3κ4 + 2κ24 + 16c1c3κ23κ24 + c3κ43(κ23 − 2κ24)t
8κ23
)
(8c1 − κ3t)
− 1
8
+
κ24
4κ2
3 ,
(6.19)
c3 = − 8
κ33(κ
2
3 − 2κ24)
, (6.20)
where the gauge choice n = 1 has been adopted. The last relation of constants is used to re-
move c3 and the rest of them are absorbed by performing suitable coordinate transformations.
The final line element is written
ds2 = −e
2TT−
5
4
+α
β
dT 2 +
e2TT
1
4
−α
2β
dx2 + e−2x
√
Tdy2 + e2x
√
Tdz2, (6.21)
where α, β are combinations of the previously existing constants. The Ricci scalar is
R = −α
β
e−2TT−
3
4
−α, (6.22)
and the singularity appears for α > −34 and T → 0.
6.2 Quantization and semiclassical analysis
The quantization of the system is performed in the new coordinates as in the previous cases.
The admissible subalgebras are all the one-dimensional and the two-dimensional (Qˆ2, Qˆ3)
– 25 –
and (Qˆ3, Qˆ4). We study the latter two and Qˆ1 from the one-dimensional ones. The system
of the quantum equations to be solved are
Qˆ1Ψ = −i
(−2φ∂φ − b ln(a2b4)∂b + a∂a)Ψ = κ1Ψ, (6.23)
Qˆ2Ψ = −i(ln(a2)∂φ + bφ∂b)Ψ = κ2Ψ, (6.24)
Qˆ3Ψ = −ib∂bΨ = κ3Ψ, (6.25)
Qˆ4Ψ = −i∂φΨ = κ4Ψ, (6.26)
HˆΨ = 1
16a4
(
16a4 − 2∂φ,φ + b(∂b − b∂b,b + 2a∂a,b)
)
Ψ = 0, (6.27)
where the measure is µ = 16a
5
b .
6.2.1 Subalgebras (Qˆ2, Qˆ3) and (Qˆ3, Qˆ4)
The wave function for the first subalgebra is
Ψ =
c1
a(ln a)1/2
exp
(
i
(
κ3 ln(
√
ab)− (κ2 − κ3φ)
2 − 8a4 ln a
4κ3 ln a
))
, (6.28)
while for the latter
Ψ =
c1
a
exp
(
i(κ3 ln b+
2a4
κ3
+
κ3
2
ln a+
κ24 ln a
κ3
)
)
. (6.29)
Even though the coefficient is not constant in both cases, Ω = c1
a(ln a)1/2
for the first case
and Ω = c1a for the latter one, the quantum potential vanishes for both subalgebras, thus we
obtain the classical solution.
6.2.2 Subalgebra Qˆ1
In this case, the solution is
Ψ = a
−1+iκ1
2 (−1 + ln(a4b8))−1−iκ18(
A3J−λ(a
2
√
−1 + ln(a4b8)) +A4Jλ(a2
√
−1 + ln(a4b8)) (6.30)
+ a
1+iκ1
2 (−1 + ln(a4b8)) 1+iκ18
(
A1 cosh(2
√
2a2φ) +A2 sinh(2
√
2a2φ)
))
.
For small arguments the wave function becomes
Ψsm ≈ (A4 +A1 cosh(2
√
2a2φ) +A2 sinh(2
√
2a2φ))eiκ1 lna +A3a
−1(−1 + ln(a4b8))− 14 eiκ14 ln(−1+ln(a4b8)).
(6.31)
The demand that the wave function does not take infinite values for small arguments leads
to the conditions A3 = 0, thus simplifying the phase function to Ssm = κ1 ln a. Similar
considerations for the large arguments lead to the form of the wave function
Ψla ≈ (A1 cosh(2
√
2a2φ) +A2 sinh(2
√
2a2φ))eiκ1 ln a. (6.32)
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It is thus evident that the phase function is the same for both approximations and the
semiclassical analysis is common for both limits. The solution of the semiclassical equations
is
a = c2, b =
c3
2c22
e
− kappa1t
8c4
2 , φ = c1 (6.33)
The spacetime metric after gauge fixing the lapse function n = 1 and absorbing the inessential
constants is
ds2 = −4e
T
κ2
dT 2 + eTdx2 + e−2xdy2 + e2xdz2, (6.34)
where κ = κ1
c22
. This spacetime has one essential constant and a singularity at T → −∞ as
can be seen by the Riemann scalar
R = −2e−T . (6.35)
7 Matter content of the semiclassical spacetimes
7.1 Introduction
The line elements that emerge from the semi-classical analysis do not obey the Einstein’s
field equations coupled with the scalar field unless of course in the cases where the quantum
potential Q is zero. In order to assign a possible physical meaning to the solutions obtained,
we calculate the Einstein tensor Gij = Rij− 12Rgij for the semiclassical metrics and interpret
it as an effective energy-momentum tensor by writing Gij = T
(imf)
ij . We then check if this
Tij fits to that of an imperfect fluid; for the calculational details see [47–49]. The energy-
momentum of an imperfect fluid is
T
(imf)
ij = (ρ+ p) uiuj + pgij + 2q(iuj) + πij, (7.1)
where ρ is the energy density of the fluid, ui the 4–velocity, qi the heat flux vector, p the
pressure and πij the anisotropic stress tensor. The relations that make the identification
possible are
Πmn = Gijh
i
mh
j
n = p hmn + πmn, πmn = Πmn − 1
3
Πk
khmn = Πmn − phmn, (7.2a)
ρ = Giju
iuj, p =
1
3
Πi
i, (7.2b)
qk = −Gijuihjk, (7.2c)
where hij is the projection tensor orthogonal to velocity ui defined by
hij = gij + uiuj with uiu
i = −1. (7.3)
Furthermore the kinematical quantities of the fluid that are of interest and appear in the
decomposition of the covariant derivative of the velocity [50]
∇iuj = −u˙iuj + ωij + σij + 1
3
θhij , (7.4)
are
u˙i = u
j∇jui, θ = ∇iui, σij = ∇(iuj) + u˙(iuj) −
1
3
θhij, ωij = ∇[iuj] + u˙[iuj], (7.5)
i.e. the acceleration, the expansion, the shear and the rotation of the fluid respectively.
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7.2 Kantowski-Sachs spacetime
Writing down the Einstein equations with Ricci scalar (2.42), we find that the effective
energy-momentum tensor for this spacetime has the following components: The anisotropic
stress tensor is
πij =


0 0 0 0
0 − 2
3t2
0 0
0 0 13 0
0 0 0 sin
2 θ
3

 , (7.6)
while the heat flow qi = 0, thus the stress tensor does not mimic a perfect fluid. The pressure
and energy density are respectively given by
p = −3 + 4α
12α t
, ρ =
4α− 1
4α tr
, (7.7)
and lead to an equation of state with constant parameter w = 3+4α3−12α . Moreover the fluid has
zero acceleration, exhibits no rotation and is not shear free, since the shear tensor σij reads
σij =


0 0 0 0
0 2
3
√
αt3
0 0
0 0 −13
√
t
α 0
0 0 0 −13
√
t
α sin
2 θ

 . (7.8)
7.3 Closed and open FLRW spacetime
The effective energy-momentum tensor for this spacetime is that of a perfect fluid because
the anisotropic stress tensor πij as well as the heat flow qi vanishes. The pressure and energy
density equal
p = −k, ρ = 3k, (7.9)
thus giving an equation of state with constant parameter w = −13 . Moreover the fluid has
zero acceleration and expansion, exhibits no rotation and is shear free.
7.4 Spatially flat FLRW spacetime
Contrary to the results for the k = ±1 cases, the anisotropic stress tensor πij for the spatially
flat case does not vanish,
πij =


0 0 0 0
0 − 2
3r2
0 0
0 0 13 0
0 0 0 sin
2 θ
3

 , (7.10)
but the heat flow does so, qi = 0. The pressure and energy density in this case are respectively
p = − 1
3r2
, ρ =
1
r2
, (7.11)
thus the equation of state has a constant parameter w = −13 . The stress tensor thus does
not mimic a perfect fluid. Likewise as in k = ±1 cases the fluid has zero acceleration and
expansion, exhibits no rotation and is shear free.
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7.5 Bianchi type II spacetime
In this case there are three different subalgebras which give a semiclassical spacetime different
from the classical one. For the subalgebra (Qˆ1, Qˆ6), the anisotropic stress tensor πij does
not vanishes and its components are functions of et, t, x and powers of t up to third order.
The same also holds for the pressure and the energy density which finally give an equation
of state with parameter
w =
−λ1et − 2λ2t3 + λ2(λ2 − 3λ3)t2 + λ3(λ2 − λ5)t
3etλ1 − 3λ2t(λ2t+ λ3) . (7.12)
Obviously the matter content is not a perfect fluid.
For the (Qˆ1, Qˆ6), the situation about the effective energy-momentum tensor is similar as
in the previous algebra, with the functional form of the components of the anisotropic stress
tensor as well as the pressure and the energy density being even more complicated functions
of the coordinates thus giving a correspondingly complicated function for the parameter w.
Finally, for the subalgebra (Qˆ2, Qˆ5) and (Qˆ3, Qˆ4), the form of these expressions are
complicated but the parameter w of the equation of state is similar to the (7.12). Furthermore
in all of the above cases the fluid has zero acceleration exhibits no rotation but the shear and
the expansion take nonzero values.
7.6 Bianchi type V spacetime
For the subalgebra {Qˆ1, Qˆ3}, the effective energy-momentum tensor mimics a perfect fluid
since the anisotropic stress tensor πij and the heat flow qi vanishes. The pressure and energy
density are respectively
p =
κ2 − 1
4λ
, ρ = −3κ
2 + 1
4λ2
, (7.13)
thus giving an equation of state with constant parameter w = 1−κ
2
1+3κ2
. The fluid has zero
acceleration and expansion, exhibits no rotation is not shear free since the shear tensor
assumes the form
σij =


0 0 0 0
0 0 0 0
0 0 −12λet−κ x 0
0 0 0 12λe
−t−κ x

 . (7.14)
For the spacetime emerging from the one-dimensional subalgebra Qˆ2, the effective
anisotropic stress tensor is
πij =


0 0 0 0
0 0 0 0
0 0 λ8 e
√
t−2x 0
0 0 0 −λ8 e−
√
t−2x

 , (7.15)
while the heat flow vanishes. Thus, the energy-momentum tensor does not mimic a perfect
fluid. The pressure and energy density are
p = −λt+ κ− 16
16µ2
, ρ = −λt+ κ+ 48
16µ2
, (7.16)
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and the equation of state is one with a non constant parameter
w =
λt+ κ− 16
3− 12α . (7.17)
The fluid has zero acceleration and expansion, exhibits no rotation and this time the shear
reads
σij =


0 0 0 0
0 0 0 0
0 0 −14µ
√
λt+ κe
√
t−2x 0
0 0 0 14µ
√
λt+ κe−
√
t−2x

 . (7.18)
7.7 Bianchi type VI spacetime
For the algebra Qˆ1, the effective energy momentum tensor does not mimic a perfect fluid
since the resulting anisotropic stress tensor is
πij =


0 0 0 0
0 −43 0 0
0 0 23e
−t−2x 0
0 0 0 23e
−t+2x

 . (7.19)
The pressure and energy density are
p = −e
−t
3
, (7.20)
ρ = −e−t, (7.21)
indicating an equation of state with constant parameter w = −13 . Finally the fluid has zero
acceleration, exhibits no rotation has expansion θ = −κe−t/2/4 and shear tensor
σij =


0 0 0 0
0 −16κet/2 0 0
0 0 112κe
−t/2−2x 0
0 0 0 112κe
−t/2+2x

 . (7.22)
8 Discussion
In this paper we implemented the canonical quantization procedure, via the use of conditional
symmetries, for various cosmological models minimally coupled to a massless scalar field.
Particularly, we investigated the classical and quantum solutions in the cases of a (flat/non
flat) FLRW space-time, Kantowski-Sachs and three axisymmetric Bianchi models (II, V and
VI).
The methodology followed: we first construct the mini-superspace description of the
models, by integrating the dynamically irrelevant degrees of freedom out of the initial action.
At this point, the classical integrals of motion of the constraint system are obtained i.e.
quantities that are conserved modulo the quadratic constraint of the system. As it is seen in
the cases under consideration, these symmetries (when enough) allow for the derivation of the
classical solution, avoiding the second order differential equations of motion. We proceed with
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the quantization by employing the canonical quantization procedure and following Dirac’s
prescription for systems with constraints. In addition, we promote to operators the generators
of the existing classical symmetries, and apply them as supplementary conditions together
with the Wheeler-DeWitt equation. The subsets of the symmetry generators that can be used
in this way are dictated by the integrability condition (1.22) which renders the ensuing system
of first order partial differential equations consistent. After the system of the eigenvalue
equations plus the quadratic constraint is solved, we proceed with a semiclassical analysis for
each case. This is based on Bohm’s method for acquiring semiclassical trajectories, by using
the phase of the wave function as an effective action for the system under consideration.
The interesting outcome of the semiclassical analysis is that we do not always end up with
the classical solution, thus we can interpret the resulting spacetime as one that contains a
different matter content from the standard classical, i.e. a massless scalar field. We have
chosen to interpret the matter content as that corresponding to an imperfect fluid, which
differs from the perfect one by the addition of a heat flux vector qi along with an anisotropic
stress tensor πij. The result was that in all cases the heat flux was zero while there were
cases in which the anisotropic stress tensor was different from zero, i.e. in Kantowski–Sachs
model, in spatially flat FLRW model, in Bianchi type V I, II and in one of type V models.
The interesting point is that in all but the two last models the equation of state of the
fluid is described by a constant parameter w. Finally there were the closed and open FLRW
models along with one of Bianchi type V model that behave like perfect fluids with a constant
parameter w, a quite unexpected but certainly welcomed result, since in the classical level
we started with a massless scalar field and in the quantum level we end up with a perfect
fluid.
A reason behind this work has been the investigation of whether the existence of space-
time singularities can be suppressed at the semiclassical level; thus indicating that the quan-
tum description can indeed remedy this problem of classical cosmology. A few notes are
pertinent here. First, for most of the systems taken under consideration, there exists a subal-
gebra (the larger admissible) of the symmetry generators that gives rise to the exact classical
spacetime through this procedure. Hence, for these specific subalgebras, no quantum cor-
rections take place, at least at the level of the particular analysis: a fact that it can be
considered as both good - since it shows that we are in accordance with the classical theory -
and bad, in the sense that it does not rectify the classical problem. Nevertheless, in all cases,
there exist alternative choices of admissible subalgebras for which the emerging spacetime
is not identified with the classical solution. It is in these particular representations that
we may expect to find a modified behavior of the semiclassical system concerning curvature
singularities. Second, for the latter subalgebras there has been followed a different strategy
on selecting the gauge. In some of our models the gauge choice was driven by the demand
that the lapse function of the final 4-dimensional spacetime be the same as in the classical
line element while in the rest of the models this demand has not been imposed.
In most of the models, all singularities seem to be successfully screened out by the
quantization procedure. In the FLRW case we acquired either a flat spacetime (spatially
flat case) or one that its higher derivative curvature scalars are zero, while the Riemann
curvature scalars are constant. Therefore, in this case, the semiclassical spacetimes are non
singular. The same also holds true for the Bianchi V model. However, in the other examples
the situation is not so perfect. In the Bianchi VI model, the singularity can only be avoided
by a proper choice of the essential constants. We can also see that the same happens in the
Kantowski - Sachs as well as the Bianchi II case.
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It is noteworthy that, as we demonstrate in the appendix B, the wave functions we find
following this procedure coincide with the results obtained in [4]. In particular, the wave
functions (B.6) coincide with equations (71) and (118) in the cases (a), (b) respectively. It
is interesting that these results come from different view points. In both cases a scaling
of the supermetric was performed; however in [4] the wave function (B.6) emerges from a
Wheeler-DeWitt equation with a manifest flat supermetric while here the flatness emerges
after the rescaling of the supermetric in order to accomplish a constant potential.
Another interesting point for discussion is the choice to perform the Bohmian analysis
by considering the wave function as a pure eigenstate of the operators Qˆi. This treatment
has been employed partly because it is usually considered that the outcome of a measure-
ment/observation is the eigenvalue of the physical quantity in question and partly because
it keeps the calculations at a fairly manageable level. Indeed, the most general solution is a
superposition of the eigenstates. In the cases the operator imposed has a continuous spec-
trum, this has several calculational as well as conceptual problems. The most straightforward
way to solve these problems would be to construct wave packets and “read off” the principal
function S from the final form it will take. This could constitute the subject of a future work.
To take a quick look ahead, we can comment that: in the case of the spatially flat FLRW, the
superposition of two eigenstates results in a principal function of the form S ≈ (λ1 + λ2)φ,
where λi, i = 1, 2 are two different values of the constant κ3. This form is similar form to
S ≈ κ3φ obtained when considering only one eigenstate.
In summary, we can claim that the method applied here seems to have in general a
positive effect in the extinction of singular points from the classical metric. Nevertheless, we
have to keep in mind that this is largely an approximate treatment. After all, we substitute
a gravitation theory with a dynamically equivalent mechanical system and quantize the
latter. However, the “regularization” appearing in semiclassical space-times produced by
these quantum mechanical systems is a good indication of what should be expected by the
full quantization of a gravitational theory.
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A Limiting values of the Bessel functions
(i) Bessel function of the first kind Jν(z) is defined as
Jν(z) =
(z
2
)ν ∞∑
k=0
(−1)k (
z2
4 )
k
k!Γ(ν + k + 1)
(A.1)
for z → 0
Jν(z) ≈ 1
Γ(ν + 1)
(z
2
)ν
, 0 < z <<
√
ν + 1 (A.2)
for z →∞
Jν(z) ≈
√
2
πz
cos(z − νπ
2
− π
4
) (A.3)
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(ii) Bessel function of the second kind Y
Yν(z) =
Jν(z) cos(νz)− J−ν(z)
sin(νπ)
(A.4)
for z → 0
Yν(z) ≈ 1
Γ(ν + 1)
(z
2
)ν
, 0 < z <<
√
ν + 1 (A.5)
for z →∞
Yν(z) ≈
√
2
πz
sin(z − νπ
2
− π
4
) (A.6)
(iii) modified Bessel function Iν(z) defined by the relation
Iν(z) =
(z
2
)ν ∞∑
k=0
(z
2
4 )
k
k!Γ(ν + k + 1)
(A.7)
for z → 0
Iν(z) ≈ 1
Γ(ν + 1)
(z
2
)ν
, 0 < z <<
√
ν + 1 (A.8)
for z →∞
Iν(z) ≈ e
z
√
2πz
(A.9)
B Wave functions for the spatially flat FLRW case with constant potential
In [4], Barvinsky & Kamenshchik examined three different FLRW models3
ds2 = −N2(t)dt2 + e2α(t)dΩ3, (B.1)
coupled with a massless scalar field φ(t) in the presence of a constant potential V (φ) with
the aid of the action
S =
∫
d4x
√−g
(
R
κ
− β
2
gµνφ,µφ,ν + ǫV0
)
, (B.2)
where κ = 1/(16πG) and the choices (a) (β = 1, ǫ = −1), (b) (β = 1, ǫ = 0) and (c)
(β = −1, ǫ = 1) correspond respectively to the cases of a scalar field with negative potential,
a scalar field with a vanishing potential and a ghost field with a positive potential. The
supermetric for these models admits three Killing fields ξ(I) along with a homothetic field ξh
which read
ξ1 = e
−3α+ 1
2
√
3βφ∂a − 2
√
3√
β
e−3α+
1
2
√
3βφ∂φ, ξ2 = e
−3α− 1
2
√
3βφ∂a +
2
√
3√
β
e−3α−
1
2
√
3βφ∂φ,
ξ3 = ∂φ, ξh =
a
6
∂a (B.3)
3With our choice of the signature of the metric, i.e. (−+++).
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which in turn they yield the integrals of motion Q(I) = ξ
µ
(I)pµ. The quantum analogues of
Q(I) span a Lie algebra with abelian subalgebras (Qˆ1), (Qˆ2), (Qˆ3), (Qˆ1, Qˆ2). All but the Qˆ3
of these subalgebras lead to wave functions with zero quantum potential Q, thus leaving as
the only nontrivial case the wave function resulting from the subalgebra Qˆ3. For the cases
(a), (c)4, the wave function has the form
Ψκ3(α, φ) = e
i κ3 φ
(
ψ1(κ3)J−s
(
e3α
√
8ǫ V0
3κ
)
+ ψ2(κ3)Js
(
e3α
√
8ǫ V0
3κ
))
where s =
2i κ3√
3β
.
(B.4)
The general solution for the wave function should be a superposition of the above eigenstates,
i.e
Ψ(α, φ) =
∫ +∞
−∞
dκ1Ψκ1(α, φ) =
∫ +∞
−∞
dκ1e
i κ1 φfκ1(α). (B.5)
In order to find the wave function Ψ(α, pφ) in the momentum representation we take the
Fourier transform of (B.5)
Ψ(α, pφ) =
1
2π
∫ +∞
−∞
dφ
∫ +∞
−∞
dκ1e
−ipφφΨκ1(α, φ)
=
1
2π
∫ +∞
−∞
dφ
∫ +∞
−∞
dκ1e
−ipφφei κ1 φfκ1(α)
=
∫ +∞
−∞
dκ1fκ1(α)δ(pφ − κ1)⇒
Ψ(α, pφ) = ψ1(pφ)J−s
(
e3α
√
8ǫ V0
3κ
)
+ ψ2(pφ)Js
(
e3α
√
8ǫ V0
3κ
)
where s =
2i pφ√
3β
. (B.6)
It is worth investigating the fact that this approach seems to select the non trivial wave
functions (i.e. those wih non vanishing quantum potential) found with the approach of the
present work.
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